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ABSTRACT

The ideal class groups of number fields play an important role in algebraic number the-
ory. In order to study the structure of the class group, we need to know the multiplicities
of prime powers as elementary divisors. In this paper, we want to study the 2-Sylow
subgroups of the narrow class groups of quadratic fields. First we will review the Gauss
genus theory, which includes Gauss’s work on the 2-ranks and Rédei’s work on the 4-
ranks. Based on these theories, we will give a relation between the 4-ranks of different

quadratic fields and some results on the 8-ranks.

KEYWORDS: Class groups; Gauss genus theory; Rédei theory; Hilbert symbols;
Quadratic fields
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(2) <= (3): H Hasse-Minkowski 7& ¥ 7] %

X2 —mY?=d2Zz?
£ 7 FHAEF SN T3 TAER RS p,
X2—my?=4ad272
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HIE TR A B (B30
7, LA, X8 7, Ron p BB M TE o TR BRI, DL R Bk,
pt D, MEIREH (d.m), = 1. FARGEER T 2T, FreABRATAT LIS 2 dr il 2,3
ST,

(1) & @): XF d e VnNF, Hai (1) #1 (3) M rr LS H

[d,m], =0,1<i<t
T
R, d = 0 ST (1d,m,, o [doml, ) = 0 B, W LA, '

P BT 2 XFEIAS 0, 7T LS H iy %) ) Rédei E [ [7) DU By Bk 2 18] R B 2.
A 3.4 USRS R DU R B an R ok R

hy(m)=1—1—rank (R,,) .
W 62— 2-1 FAS AT PAAE
|V A NF| = 2|C(F)[2] N C(F)?|
AR 4 TTLLARE] |V ANF| = 27 kn Re A
|C(F)[2] N C(F)?| = 2"~ -ranke, R
T AT BLAITE hy(m) =t — 1 — rankg, R,,. |

B 3.0 s IR Q(V21), X E m =21 = 1(mod 4). AT VeI 3 5=
D=m=21. [l D =3x7, BWANZREE T, IR Rédei HiFEA 2 x 2 B,

THE A1
B2ty 2y (10
. _[ 3,211, (7,211, ]_[ 10 ]
JHHA rankg, Ry = 1. HTEL hy(21) = 2 — 1 — rankg, Ry = 0. BIULH =ik @(v/21)
HAERTF VU FRA 0.
B 3.2 4R IR Q(V=21), X m = —21 = 3(mod4). Wi Uk

PR D =4m= -84, I} D =-3x7x4, H="%FEF, MMM F] Rédei 5[5 AN
3 x 3 MrHRE. tHEA1E

3,211 [7,-21]; [2,—211, 00 1
R, =| [3,-211, [7.-21; [2,-21], |=]1 1 0
3,-21], [7,-21], [2,-21], 111

BER AT ranky, R_y) = 2. FTA hy(=21) = 2—rankg, R_y; = 0. RPSRIS 48 Q(v/-21)
HRARSRAERI VYR BN 0.
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B 3.3 AR U Q(V—-1105), iIXHE m = —1105 = 3(mod 4). M — s
IFIHR D = 4m = —4 x 1105. B D = =5 x 13 x 17 x 4, HUWUANEFH T, Miixt
N [#) Rédei HFE AN 4 x 4 Braa b, i+ H 15

[5,—1105]5 [13,-1105]s [17,—-1105]s [2,—1105]s
[5,—1105];5 [13,-1105];; [11,-1105];5 [2,—1105];5
[5,—1105];; [13,-1105];; [17,-1105];; [2,—1105];,
[5,—-1105], [13,-1105], [17,-1105], [2,—1105],

R_jj05 =

0111
1101
1 010
0 00O

BEHS A rankg, R_y 05 = 2. ATEA hy(=1105) = 4 — 1 — rankg Ry; = 1. BIPRS00
Q(v/-1105) BAEEBEIVUM A 1.

AT g 2 0E T Faf 5] () Rédei 0 FEHIAE—FIAI D 0, H A2 15
A Rédei FEFERIEE—FIANY 0, PRI FRA T3] 74075 fi el

w35 BAIHE 1R, =0".

WER HEHE 23 ATUARE ¥ e [pj,m]p =0, X% pt DI, BRFH
[pjsm], = 0- T X, rime [pj2m], = Zics [pyom], =0. "

3.3 BEfrizH

NTHETRBGETTAE, WATLE — e 5. 452 —DIEBE n, & n' =p - p,

TR WFR P = —— %
ged(n, 2)
. I Y
A=Ay = () LR a;=[p—n ]Pi B ["l’/p‘] | -
—, i=j
Pi

Dgzdiag{[il,---,lil}, b, =D.1, Hif1=(,-,DT. (3.5)
D1 Dk

PUAE BT TRALE B — A i, XA i R AT BAZe HY Reédei REFE 47 IR, MT4e Hh—
SEAFIR S DU B Rk 22 ] ) — 2556 4.
3.6 2 n=p - p A NETITETHIETE. 2= 1(mod4) I, A

14
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f

A b,

Rn:A+D—1’ R_n: 2 ,
N
- n

A+D_, b A+D, b
Rzn _ 2 2 ]’ R_z _ 2 2 .
T 2 n T 2
I v [3]

EB i n = 1(mod4) I, BIE R, = (r)p> i # j I, 1y = [pj,n]pi, FH
FRQDHHIH [p0] | = [j’,—] %0 = j i, IS RQ OIS [pon], =
2] - ] [2] wssisim, -0,

tH n = 1(mod4) 7T LAFE] —n = 3(mod4). BE — 73K @(\/=n) FIHIHIK D =
—dn, FTUALI 08 Q(y/—n) 3R Rédei FEFEN (t+ Dx @+ DB 241 <i#j <t
b,y = [y =], FIFSERQ DS [p), —n], = [2]:

<= j < o AR DS pin 1], [ "/‘"] = [;71] + [%]

Mi=r4+1,1<j <t i, FIAZERQ2)HE [p, —n|, =

Y=g =r+ 10, FHLERQ.2)HE A [pj,—n]Pi = H lﬁt&ﬂ‘ﬁ%’c?u 7

welo i)

Ry, = (1) asiaeny 4 1< i #j <tBEr; = [p), 2n] , R 2R 2.
SR [p2n], = 2] 41 <= g <o, B R DHETH [p, 2n],
—2nlp; | _ |- nlp; |.

=] =3

Yi=t+1,1<j<thf,r, = [pj,zn]pi,%Uﬁﬁ%iﬁ(z.z)ﬁﬁﬁf’ﬁn [pj,n]pi = l%l

Hj=t+L1<i<ti,r;= [pj’zn]pi’ MA@ 2) AT [p/’n]pi - [1%];

0= j =0+ 1 RFASRQDUSR (5.2, = [2].

A+D_, b,
b 3]

HIER o = (s 29 1 <0 #j <tHry = [p,=2n] AU D
SR [pyon], = 2] 201 <0 = <o B FIRSSRQ DT [p,-20], =
[2n/p; ] nlp; |,

5] =[]+ 15
Hi=14L1<) <ty = [p-2n]  RIHSRQUIHAH [pjn], =

-21.

MITEAEE Ry, = [

15
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Hj=t+L1<i <ty = [p.-2n]  MHERQHHATH [pj.n], =

i =141 B FIASERQ2)USATA [, -20], = [2]

< o A+D, b,
MIHANTFEI R_,, = N
b, [3]
w37 S n=p -p R NEFHTRFREGE. 2 n=—-1(mod4) I, &K
(K=}
A+D_, b,
A ISR HE
A+D_, b, A+D, b,
R n= R_ n=
loen [B)T [ b} [%]]

EB i on = 3(mod4) AT LA B IR Q(y/n) B D = 4n, FTLA
LR 3 Q(y/n) XTRIH Rédei 2N ¢+ DX ¢+ D B 21 < i # j < 1,
riy = ool FAERQOHSAR (0], = [£];

1 <= ) < o AR [pon], = [ =22] = || + [22]:

W=+ 1,1 <)<t BRI [p, l,, = |2);

M )=t 1,1 << M RISERQ2)SLATR [pyn] [2]

M= j =1+ 1, FAERQIHAR [p.n], = [] R UL FRA T4 5 T

. _[ A+D_, b, ]
N H .

i n = 3(mod4) AJ LAFFILES — Ik Q(+/—n) BIHHIE D = —n, BrLASLRS —
UKL Q(y/=n) AL Rédei SEFEN ¢ 1 B 29 1 < i j <18, ryy = [py.—n] , FIH
HRQ DU [p, 0], = [Z];

M1<i=j <o i, FIRSERQDIFERTS [p, _n] [n/p] BPR_, =A.

FRE Ry, = (raaxasty D1 <i#j <t r; = [pj 2n] PRI

ST [py2n], = [2] %1 <= <o, FUSER QDI TR [p20], =

_—2n/[ _ =2 n/p; i,
== [p—i’]’
Hi=r1+11<j <ty = [ 2], FIHERQ)IFATA [p;.2n], =

=2].
Pj,

M= 11 < <oy = [pg,2n] RIS RQ2)H LT [p), 20] ) []
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Hi=j =1+ U, FRERQUSAR [p.20], = 2]
A+D_, b, J
o[
HIE R 5y = (ripsxaery 21 < i #j <t r; = [Pja—2”]pl_s FIH %
RQDHHAH [p,-2n] = [%] MK io= ot I, R AR )T AT A

1

2nlp; | _ nip; | .
p=2a], = |52 =[]+ [52]
Yi=t+1,1<j<th,r,= [pj,—2n]pi, P2 (2.2) 1 5 AT &0 [pj,—Zn]pi =
2.
Dj ’
Hj=r+L1<i<thhr = [pj,—Zn]pi, AR Q.2)HE ] &0 [pj,n]pi =
7]
pil’

%= )=+ 1, IA%RQ)HFAE [p,—20] = [2]

1

MITEAEE] R,, = [

A+D, b
Mﬁﬁzmmm%:[ +D, z]

v, 3]

L 3.8 A IERE n i n=1(mod4), n = p, - p,, FH p; = 1(mod 4)(1 €
i <1). W4 hy(2n) = hy(=2n) WAL 25 IEHEE n 3BT 2 n = 5(mod 8), A4 hy(n) =
hy(—n) ROL.

WER EPATEIX H n = 1(mod 4), H p; = 1(mod 4). T LA

- ) -(E]- )
| I

l2elin)

MM rankg, Ry, = rankg, R_,,.
.[H:Hﬂ‘ ]’l4(2n) =1—- rank[F2 Rzn, h4(—2n) =1— rankﬂ:z R_2n, h4(2]’l) = h4(—2}’l)
* n=5(mod8), H p;, = 1(mod4).

O R (R | R

SEI H e 3.6 7T LA 2

A b, A b,
R,=A+D_ =A R_, = 2= .
oY, [2] o7 1
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MIMA rankg, R, = rankg A, rankg R_, = rankg A + 1.
BER hy(n) =t — 1 — rankg, A, hy(—n) = t — rankg, A — 1. IXERW] hy(n) = hy(=n)
JOL. |
iR 3.9 L IEEE n = I(mod4), n = p; - p, FH p; = 1,7(mod 8)(1 < i <
1. MR
hy(n) + 1 = hy(—=n) = hy(2n) = hy(—2n)

RO
B ATEX H n= 1(mod4), H p, = 1,7(mod 8). Fif LA 8 3.6 7 LASS 5]

R,=A+D_,, R_, = :

A+D_; 0 A 0
Ry, = o7 [2] » Ry, =

M 3.5 WA HiHEFER R, = (A0 MR}, = (A+D_,0) fi R, =
(A, 0) FFk. tHZ2% S3CHRCp10 9513 4.1 W% ranky, A = ranky (A +D_;) MIfiH
rankg R, =rankg R_, = rankg Ry, = rankg R_,,.
ey & 2
hy(n) + 1 = hy(—n) = hy(2n) = hy(—2n)
J% O |
Hi 3.10 4EIEEH n=1(mod4), n=p, - p, HF p, =1,3(mod8)(1 < i <
1. a5
hy(n) + 1 = hy(=2n), hy(2n) = hy(—n)
EB ATEX H n = 1(mod4), H p; = 1,3(mod 8). AT LA i 3.6 A LAFS 2]

A b
R, =A+D,, Ra=[ + 121 |
b, H

A b, A+D, b,
RZn:[ 2 ]’ R—Zn: 5 ]

A
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(A,bz) IR, = (A, b2) IR, =

A dr i 3.5 alf1 A SRR R, =
(A+D,,by) k. 1 R, H%E—ATAI0Y 0 WA rankg R’ , = rankg A + Dy M

I rankg R, = rankg, R_,,, rankg Ry, = rankg R_,.

A NSRS
h4(2n) = h4(—n)

hy(n) + 1 = hy(=2n),
AT u
R 3.1 4B IEBE n = 3(mod4), n = p; - p,, HoF p, = 1,3(mod 8)(1 < i <
1). B M A 252
hy(n) = hy(=2n)

JROL, 45 IEBEHL n 3835 2 n = 3(mod 8), IBAH hy(—n) = hy(n).
= (A+D_;,by) Ml

IR R A A 3.5 M 3.7 Aran R - HAERE R, =

R', = (A+Dyb,) Ik
N p; =1,3(mod 8)(1 < i < 1), LA D_; = D,. MIf rankg, R”, = rankg R;, Rf

hy(n) = hy(=2n). 5 HH—LFH n = 3(mod8), AL4
A b,
R—n = A’ RZn = .

WS4 rankg R_, + 1 = rankg, Ry,,. WIS hy(—n) = hy(2n) ROL. n

Hi® 3.12 AEIEEH n=3(mod4), n=p, - p, HF p, =1,7(mod8)(1 < i <

1). M4BT 5=
hy(n) = hy(2n) = hy(—2n) = hy(-n) + 1

JAT.

UERH A i
R, =(A+D_,0) fiIR, = (A+D_;,0) IR, =(A,0) Tk

B 122 Sk 10 (5] 2 4.1 ) rankg R, = rankg R_, = rankg, Ry,
rankg, R_,,,. FrbAZE R hy(n) = hy(2n) = hy(=2n) = hy(—n) + 1 FROL.

3.5, /i 3.7 Fl p, = 1,7(mod 8)(1 < i < ¢) AIAN A T it 540

W IR HEVS RS Lo

M IFEE 0 = 1(mod 4):
e Y p = l(modd)(1 < i <0, H hyQ2n) = hy(—2n); & IEFL n L3 2

n = 5(mod 8), H hy(n) = hy(—n).
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1,7(mod 8)(1 < i < 1) B, hy(n) + 1 = hy(—n) = hy(2n) = hy(=2n).

1,3(mod 8)(1 < i < 1) I, & hy(n) + 1 = hy(=2n), hy(n) = hy(=n).
MIEHEH n = 3(mod 4) I :

1,3(mod 8)(1 < i < 1) B, H hy(n) = hy(=2n); & IEBE n B 2
n = 3(mod8), H hy(—n) = hy(2n).

* X p,=1,7(mod 8)(1 < i <1) I, H hy(n) = hy(2n) = hy(=2n) = hy(—n) + 1.
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4 ORISR \BrEx
BUEBATE FIT AT 78— USSR  \ B Bk, B JA i = 2
rg(C(F)) = rankg (C(F)[21n C(F)*).

TRIRA TR U RE )\ B R A L RBE C(F)[2] 0 C(F)* HIS5 K. ST X
AN R LAES Bh AT 1A3 3] C(F)[2] N C(F)* 125 IR
B 4.1 W TR d € VNNF, % (a,8.7) € Z2, HER

daz—%/}2=4y2

{9 LA R, 84 B4
T
(1) [o] € C(P)* 4 BAL (17, D1y, .17, D1, ) € IR,
(2) Xi_ilr. D], =0.

W LAE R TS N2,
(1) % o Bt F (0IEF LA . 3T y A EET, p REBRm A m

A p M UCRIAR. LTI (p) = pp° £ F LO2H [y, DI, = 0. JATIAEILE
] x = da+2ﬁ\/; € Op.
o #7d RTTEH m RARE, B4 a, p ENEEL FTLh x € OF.
o Hd Mm 2T, WA a, p FAETEAR. 5 a, p EREEL N x € Op; 4 a,p
HFTHL W 4 | (d — mid), FIE m =1 mod 4, FITLL x € Op.
o #id RABEL B4 p B IEEL, itk m =1 mod 4, FTLh x € OF.
BAVH p | dy* = Nx). # p,p° #EBR (x), B4 (p) BB (x), FIL p BE o, 8,7
R (a, f.y) 2 DA E. Bl p, p” POCHE D EER (x). BATAYIEGE
p° | ().
e d &— N8 35 y NEEL BATH
@ =d [J*»? =y, xhe =[] p%? HdNe=y. (4

ply ply

oy AMEEL A m WAEEL, a, p #AETEL. 8 | (d — m/d), FITLA m = 1 mod 8. [Alitk
(2) = qq° fE F L5328 MU, q,q° POCH — DR (), BOE q° #ER (x). Btk
MFEFEA @D, XE Y p=2 1 p=q.

e d &—AMEEL 4 D 2—MBEL m# 1 mod 4 A1 (2) = ¢* 76 F 408
ARG, BATAE @), KEY p=2FH p=p° =q.
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IAEBAVEIE [0] = []* € C(F)* BHAUUFEHE a € V 17 [c] + [(a.0,)] €
C(F)*. i e 7 4L e B vl LURIE X 5540 T aNe = ay € NF. B TAER W 3R 4L
ply, H [D,ay], = 1. RN T Ra = ¢, XH

a= (vpl(a),---,v,,,m))T, ¢ = ([r.D1,, ---,[y,D],,,)T.

Q) #m#1mod 4, 4 D R—MEHH

t
[y, D1, = X Ir, D], =0.
=1 ply’

1

#im=1mod4 H y N—M&E, A [y,ml, =0, % m=1mod 4 H y H—"MEZ,
M2 m=1mod8 H [y,m], =0. FitH

t
lramly, = X [ro.m], + Ly, ml, = 0.
i=1

ply!
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B

TR, BRERRKELFNRHRES X B ET S &R 7. 6T 2017 4
4Rk, 4T 2022 SEEEE, B & TR, KTk TR, Bl £ TLAEAE
I, MWL T L T N B R, AR TR 28R, 16838 TR 2 K. H
RO FEA Sy, 03 7 U LA B T, SIS B i (i i, 2538 558 i 1 FERAE

AT, T H KR, R SRA I T 220, BB R S, iE
T IRIE 2 2], B B iR 5 e R, TR IR R 24 T O M . &K
LB B BT A Z M, RAFE 7RO ENR, FH T REET, L3RR DY
2 A HEVR. B ITAT TAEIR], A iG Wi, Sk R, BRI 77

AR, D7~ EASAE. IR IRAE B I IR AN, RARITIEEEE T IRIW
HHEOR. BN REORFF A, FE % BRR IR, JEIRA ARG, #5THH £,
HAAASE, REHAK.

REREACEE, RN TS IR BACEE A RO RN HE AL IR, MEFENALBE, v LA
DL, oS B B N FAERE, K B INSS ), Nkt R pE i 3 E 2R T
Wk, SR BRI BERL, AR ILIE T R AE T E AN, TIGE TR AR TSR, A,
HH BB A7 48 T2 I TE B 02 HO A SCHEAT VP IR 5 S A

PE&: XS
2022 405 A 15 H
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